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ABSTRACT

In the past exact computations utilizing modified
Bessel functions of integral order have been
discussed for decision levels in paired counting.
This paper transforms the net count to an integer
and assumes that the blank count is Poisson
distributed with known expected value. Utilizing
the Poisson probability density function, a
function in C++ is written to compute the exact
probability density function for the transformed
net count when it is less than zero, equal to zero
and greater than zero. The validity of the
computation is then checked by summing
probabilities over a wide range of transformed net
counts and comparing to 1.0 and by computing
the expected transformed net count and comparing
to 0.0. A decision level is determined by summing
the right tail of the probability density function and
inverting from a transformed net count to a net
count. Codes were written in both double
precision arithmetic and long double precision
arithmetic. The double precision code is found to
be adequate for most applications.

Trademarks:

Borland C++ Builder 5, Borland Software
Corporation, 20450 Stevens Creek Blvd., Suite 800,
Cupertino, CA 95014.

Microsoft Visual C++ 6.0(Standard Edition),
Microsoft Corporation, One Microsoft Way,
Redmond, WA 98052-6399.

INTRODUCTION

Two C++ computer codes were written to
compute decision levels, errors of the first kind,
and the probability density function for the net count
when there is no activity in the sample. The first
code uses double precision arithmetic and the
second one uses long double precision arithmetic.
Assume the blank is counted N times longer than
the sample with N being an integer in the interval
[1,20]. Also assume the blank count in the sample
counting time, which is the same as the contribution
of the blank count to the gross sample count over
the sample counting time, is Poisson distributed
with a known expected value B. Then the net count
S is given by

S= {gross count - (blank count)/N}.

In the previous equation S, gross count, and blank
count are random variables. For decision levels
there is no activity is the sample; so S is
given by the following equation relating the
random variables S, blank count in sample
counting time, and the blank count:

S = {blank count in sample counting time -
(blank count)/N}.

Because the sum of N identical Poisson
distributed random variables also follows the
Poisson distribution, the expected value of the blank
count in the sample counting time is (1/N)th of the
expected value for the blank count..!™ Take s to be an
arbitrary value assumed by S. Then from the
previous equation:
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Probability{S=s}

Probability {blank count in sample counting
time - (blank count)/N = s} _

Probability {N (blank count in sample counting
time) - (blank count)= Ns}.

The quantity Ns is an integer. After transforming
the net count to an integer it is reasonably
straightforward to derive the probability density
function for the transformed net count for the cases
when the transformed net count is greater than zero,
zero, and less than zero. The validity of the
computations can be checked by verifying that the
sum of probabilities, over all integers, Ns, is close
to 1.0. Another check on the computation is to verify
that the expected value of the transformed net count
is close to zero.

DISCUSSION
The net count S is of the form
S = G --- (blank count)/N (Eq. 1)

with Napositive integer and G the gross count. The
quantity B is the expected blank count in the sample
count time. To determine the decision level, it is
necessary to know B or have a good estimate for B.
Throughout this paper, the convention was utilized:

activity is said to have been detected if the
value of the net count is greater than the
decision level.

Two applications of the previous formula are as
follows:

1. Count the blank N times longer than the
sample and use this value to estimate B. Thus
B is estimated to be (blank count)/N.) Then
for a group of samples, only gross counts are
made with a counting time of (1/N)th the time
of the total blank count. There are problems if
the background changes or the instrument is
unstable.

2. Count the sample for a time Ts and the blank
for a time Tb with Tb/Ts = N.

Use past, acquired experience to estimate B.

For the purpose of determining decision levels it
is assumed that there is no activity in the sample.
Then Equation 1 becomes:

NS = N (blank count in sample counting time) —
(blank count) (Eq. 2)

Take the 3 quantities in Equation 2 to be random
variables (not N); then (blank count in sample
counting time) is Poisson distributed with expected
value B and the (blank count) is Poisson distributed
with expected value (NB). It is important to note that
the (blank count in sample counting time) and the
(total blank count) are independent random variables.
Decision levels are determined for arbitrary errors of
the first kind in the interval [0.001, 0.5] by summing
the right tail of the probability density function and
inverting from a transformed net count to a net count.

For discrete random variables it is generally not
possible to determine decision levels yielding errors
of the first kind equal to a desired value.”® Curriel®!
chose the error of the first kind to be equal to or less
than the desired value. In many situations it is
possible to arrive at an average error of the first kind
equal to the desired error of the first kind by
averaging an error of the first kind greater than the
desired error of the first kind and an error of the first
kind less than the desired error of the first kind. A
random number would be drawn to arrive at a
decision level.

Because the codes are capable of computing
errors of the first kind when the expected blank count
in the sample count time is known, the codes are
capable of comparing approximate formulas for
decision levels. From Equation 2:

S = (blank count in sample counting time) -
(total blank count)/N. (3)

Then the (blank count in sample counting time) is
Poisson distributed with expected value B and the
(total blank count) is Poisson distributed with
expected value (NB). Taking the variance of both
sides of Equation 3 yields:

Variance(S) =B + (1/N)B. (4)

Equation 4 suggests approximate decision levels
CLapx of the form

CLapx = correction factor + zalph,/B(1+1/N)

If (1-d) is the desired error of the first kind then
zalph is the confidence coefficient corresponding
to a (100-d) percent one sided confidence interval for
a Gaussian probability distribution. In particular, if
the desired error of the first kind is 0.05, then zalph
= 1.645. So that the code for the exact decision

Radiation Protection Management « Volume 22, No 6 « 2005

19



levels can be utilized to determine the approximate EXAMPLES
errors of the first kind, CLapx is transformed into a

multiple of (1/N) asfollows: Below, three examples are presented; two use the

double precision code and the third one uses the long
CLapx = (1/N) floor(N CLapx). (5) double precision code.

Paired counting has been discussed in the past; in Example 1: Double precision code .
this case N = 1. Modified Bessel functions of
integral order were used.! However, when N does
not equal 1, Bessel functions are not useful.

Ratio of blank count time to sample count time
=N=10alpha= 0.05

Advantages of the Bessel function approach are correction factor = 0.3
Slmp|ICI'[¥ in writing numerical codes and the speed BM (max B)=10, Sum of probabilities at
of execution of the codes. Both codes developed — RN —
. . B=BM=1
here agree with results from the Bessel function o
based codes, which are known to be very accurate. Expected value of distribution at B=BM

- . . = 3.396278546e-015
Long double precision arithmetic is necessary for
larger B and larger N to avoid numerical B = Expected blank count in sample count
overflow/underflow. Borland C++ Builder 5° time
supports both double precision arithmetic and long
double precision arithmetic. Microsoft Visual C++

CL = exact decision level

6.0 readily supports only double precision Errl = exact error of the first kind
arithmetic; it was gsed for tr_le double precision code. CLapx = approximate decision level
The double precision code is adequate for most o
applications. However both codes can be utilized to Errlapx = exact error of first kind for
check on the validity of the codes and the accuracy approximate decision level

of the double precision code. Both codes sum the Execution time: about 6 minutes

probabilities over all transformed net counts for the
maximum value of B, BM, to be considered when
there is no activity present; this is a check on the
codes and the value should be close to 1.0. The
double precision code also computes the expected
value of the transformed net count when there is no
activity present; this should be close to zero; this
option was removed from the long double precision
code because of the length of time needed to execute
this operation.

Table 1. Example 1 Results

B CL Errl CLapx Emrlapx

0 0 0 0.3 0

1 2 0.04701236146 2 0.04701236146
2 2.7 0.04603303883 2.7 0.04603303883
3 3.2 0.04908622374 3.2 0.04908622374
4 3.7 0.04770315329 3.7 0.04770315329
5 4.1 0.04821942935 4.1 0.04821942935
6 45 0.04734201909 45 0.04734201909
7 4.8 0.04871667852 4.8 0.04871667852
8 5.1 0.0492527525 5.1 0.0492527525
9 5.4 0.04919211236 5.4 0.04919211236
10 5.7 0.04870496498 5.7 0.04870496498
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Example 2: Double precision code

Ratio of background count time to sample
count time =N =20 alpha= 0.05

correction factor = 0.3

BM (max B) =1, Sum of probabilities at
B=BM=1

Expected value of distribution at B = BM=
-3.916774868e-017

B = Expected blank count in sample
count time

CL = exact decision level
Errl = exact error of the first kind
CLapx - approximate decision level

Errlapx = exact error of first kind for
approximate decision level

Example 3: Long double precision code

Ratio of background count time to sample count
time =N=5

alpha= 0.05
correction factor = 0.35

BM (max B) = 500, Sum of probabilities at
B=BM=1

B = Expected blank count in sample
count time

CL =exact decision level
Errl = exact error of the first kind
ClLapx = approximate decision level

Errl apx = exact error of first kind for
approximate decision level

Execution time: about 95 minutes

Execution time: about 12 minutes

Table 2. Example 2 Results

B CL Errl

0.0 0.0 0

0.1 0.9 0.04141576864
0.2 0.9 0.03251867312
0.3 0.9 0.04079254012
04 15 0.04635574034
05 15 0.04910622627
0.6 15 0.04706008749
0.7 15 0.04744762835
0.8 1.6 0.04870301794
0.9 1.95 0.04955496793
1.0 2.00 0.04782033813

CLapx Errlapx

0.3 0.0

0.8 0.08223457805
1.05 0.01752309546
1.2 0.0369193414
1.35 0.05813077236
1.45 0.0585916125
1.6 0.03195598426
1.7 0.03474060761
1.8 0.04602935984
1.85 0.05569909203
1.95 0.05326754542
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Table 3. Example 3 Results

B CL Errl

0 0.0 0

50 13.0 0.0483161358
100 18.2 0.04948705776
150 22.2 0.04994907701
200 25.8 0.04876537932
250 28.8 0.04893667391
300 314 0.04965391976
350 34 0.04919406674
400 36.2 0.04982914307
450 38.4 0.0497782957
500 40.6 0.04924620081

CONCLUSION

The long double precision code takes much
longer to execute than the double precision code.
When N = 1 the double precision code presented in
this paper takes longer to execute than the old code
for paired counting that uses modified Bessel
functions of integral order. From numerical
experimentation, some limits for applicability of
the codes are as follows:

» When N < 6 the double precision code will yield
results for B <_ 100.0;

e When N= 10 the double precision code will
yield results for B <_66.0;

e  When N= 20 the double precision code
will yield results for B < 22.0;

e  When N< 10 the long double precision
code will yield results for B<1000.0;

e  When N= 20 the long double precision
code will yield results for B < 250.0.

CLapx Errlapx

0.2 0

13.0 0.0483161358
18.2 0.04948705776
224 0.04847912886
25.8 0.04876537932
28.8 0.04893667391
314 0.04965391976
4 0.04919406674
36.2 0.04982914307
384 0.0497782957
40.6 0.04924620081

Using the codes, one can determine simple,
approximate formulae for decision levels that are
suitable for a limited range for B.

Throughout this paper it has been assumed that the
expected blank count is known or that a good
estimate is available. The quality of the estimate
can be evaluated by looking at a confidence
interval for the expected blank count.

The double precision code is appropriate for
many applications. The long double precision code
is necessary to prevent numerical
overflow/underflow that may arise from larger
expected blank counts and larger values for N. The
long double precision code can be used to validate
the accuracy the double precision code.
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